In this note we establish a useful property of the separating set of an algebra homomorphism of one Banach algebra into another (Theorem 1), and we use this result to prove two theorems concerning the continuity of algebra homomorphisms (Theorems 2 and 3). We assume throughout that A and B are complex Banach algebras with norms || -||^ and || -||b respectively, and that v is an algebra homomorphism of B into A. By the separating set of v, we mean the set of all uEA such that there exists a sequence {vn} in B with the property that |Jwm||s-*-0 and H^n)-u\\a-*0. We denote this set by S. v is continuous if and only if S = 0 by the Closed Graph Theorem. If C is any algebra and uEC, then crciu) is the spectrum of u in C, and
The first theorem we prove is a direct application of a result of J. D. Newburgh Corollary.
Assume that A and B are complex Banach algebras and that v(B) is dense in A. Furthermore assume that A is a semisimple modular annihilator algebra. Then v is continuous.
In the case where A is a strongly semisimple modular annihilator algebra, and B satisfies a certain special condition, we can drop the assumption of the Corollary that v(B) he dense in A. First we state the condition we impose on B. (*) Whenever / is a closed ideal of B such that B/I is finite dimensional, then P -I.
We shall prove the following theorem.
Theorem
3. Assume that B is a complex Banach algebra which satisfies condition (*), and assume that A is a complex, strongly semisimple modular annihilator algebra. Then v is continuous.
Before proving this theorem, we note some examples of algebras A and B which satisfy its hypotheses.
By a Theorem of P. J. Cohen, whenever a Banach algebra B has a bounded approximate identity, then B2 = B; see [2, Theorem 1, p. 199]. Now since any 5*-algebra has a bounded approximate identity by [6, Theorem (4.8.14), p. 245], and since every closed ideal / of a B*-algebra is again a 5*-algebra by [6, Theorem (4.9.2), p. 249], then automatically I2 = I. Therefore every B*-algebra satisfies condition (*). Assume now that B is a dual algebra with a bounded approximate identity, that / is a closed ideal of B, and that B/I is finite dimensional.
Since / is a closed ideal of B, then / is the intersection of primitive ideals of B that each of these primitive ideals has the form B(l -e) where e is a central idempotent of B. Also / is contained in only a finite number of primitive ideals of B. Then it can be shown that / itself is of the form 5 (1-e) , where e is a central idempotent of B. By assumption B has a bounded approximate identity, and therefore B=B2. Thus P = B(l-e)-B(l-e)=B2(l-e)=I.
Therefore B satisfies condition (*). We note that if G is a compact group, then L:[G] is a dual algebra with a bounded approximate identity. Examples of strongly semisimple modular annihilator algebras are Lp [G] where G is a compact group and 1 ^p ^ <*> (see [4, Lemma. Assume that B is a complex Banach algebra with property (*). Assume that A is complex and finite dimensional.
Then v is continuous. Let 7T denote the natural projection of A onto A/M. Then irv, the composition of w with v, is an algebra homomorphism of B into the finite dimensional algebra A/M. By the Lemma, irv is continuous, and this implies that SC-^-Now by assumption A is strongly semisimple, that is the intersection of all the maximal modular ideals of A is 0. But S is contained in this intersection by the argument above, and therefore S = 0 and v is continuous.
